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1. INTRODUCTION 
For notation, given a,b are integers and a < b, we employ intervals to denote the discrete set 
such as Z[a, b] = {a,~ + 1,. . . , b}, Z[a,b) = {a,. . . , b - l}, Z[u, oo) = {u,a + 1,. . .}, etc. Let 
T E Z[l, oo) be fixed. 
The purpose of the present paper is to deal with the existence of positive T-periodic solutions 
for the general periodic logistic difference equations 
Ax(t) = s(t)[a(t) - g(t,+ -n(t)), . . . ,s(t - ~n(t))]r t E Z(-00, cm), (1.1) 
where As(t) = z(t+l) -z(t), g : Z(-co, oo) x [0, co)” + [0, oo), and g(t, ~1,. . . ,u~) is continuous 
for (~1,. . . ,u,) E [O,oo)“. Here a(t) : 2(---03,~) -+ (O,co), ri(t) : Z(-oo,oo) -+ Z(-oo,oo), 
i = l,... ,n, and u(t) = u(t + T), q(t) = Ti(t + T), i = 1,. . . ,n, g(t,ul,uz,. . . ,u,) = g(t + 
T,74,~2,...,4. 
It is well known that equation (1.1) includes many mathematical ecological difference logistic 
equations. For example, equation (1.1) includes a single species discrete periodic population 
model [l-7] . ~ 
Ax(t) = u(t)z(t) 1 - 4t - T(t)) 1 K(t) ’ t E Z(-cqm), 
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where a(t) : Z(-oo,co) ---f (O,co), r(t) : Z(-co,oo) -+ Z(-oo,oo), K(t) : Z(-oo,co) -+ (O,cm), 
and a(t) = a(t + T), K(t) = K(t + T), r(t) = r(t + 2’); and 
Ax(t) = z(t) I a(t) - 2 b<(t)z(t - pi) 1 , t E 2(-c+ oo), (1.3) 
L i=l J 
where a(t) : Z(-00, co) -+ (0, co), hi(t) : Z(-co, m) --+ (0, oo), q(t) : 2(--m, co) --f Z(-co, m), 
and a(t) = a(t + T), hi(t) = bi(t + T), ri(t) = ~~(t + T), i = 1,. , . , n. 
Also, equation (1.1) includes 
(i) a multiplicative delay periodic logistic difference equation [l-4,8,9] 
Ax(t) = u(t)z(t) 1 - fi z(t;(:;(t)) , 1 t E Z(-00, co)i=l 
where a(t), K(t) : 2(-q co) -+ (0, co), b(t) : 2(-m, oo) + (0, oo), am : 2(-m, KI) + 
Z(--00, m), and a(t) = u(t + T), K(t) = K(t + T), b(t) = bi(t + T), I = q(t + T), 
i= l,...,n; 
(ii) a periodic Michaelis-Menton discrete model [2,10] 
Ax(t) = u(t)x(t) 1 ’ t E Z(-oqco), (1.5) 
where u(t), ai( c;(t) : Z(-00, co) + (0, oo), q(t) : Z(-00, co) + Z(-oo, oo), and u(t) = 
u(t + T),), hi(t) = bi(t + T), q(t) = q(t + T), 7-i(t) = q(t + T), i = 1,. . . ) 71. 
During the last years, many authors have investigated the existence of positive periodic solu- 
tions for differential equations with several deviating. arguments; for examples, see [1,2] and the 
references therein. As for the related continuous systems of (l.l), Li [2] has studied the existence 
of positive periodic solutions of (1.1) by applying the .Mawhin continuation theorem, and Jiang 
and Wei [l] have also studied it by applying the Krasnoselskii fixed-point theorem in cones. 
Clearly, systems (1.2)-( 1.5) are special. cases of (1.1). To the knowledge of the authors, there 
are very few works on the existence of positive periodic solutions for equation (l.l), even for 
equations (1.2)-(1.5). In [7], th e authors have dealt with periodic solutions of a single species 
discrete population model with periodic harvest/stock; the model is the following: x(t) z(t + 1) = p(t) 1 - K + b(t), [ 1 t E q-00, co), (1.6) 
where ~1 > 0, K > 0, b(t) : Z(-00, oo) --f (-co, oo), and u(t) = u(t + 2’). 
In this short note, we apply the Mawhin continuation theorem to establish a group of conditions 
to guarantee (1.1) to have positive periodic solutions. The conditions can be checked easily. 
2. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 
In this section, we shall study the existence of T-periodic solutions of equation (1.1). For the 
reader’s convenience, we shall first summarize in the following a few concepts and results from [ll] 
that will be basic for this section. 
Let X, N be normed vector spaces, L : DomL c X + Z be a linear mapping, and N : X -+ Z 
be a continuous mapping. The mapping L will be called a Fredholm mapping of index zero if 
dimKer L = co dim Im L < +oc and Im L is closed in 2. If L is a Fredholm mapping of index 
zero, there exist continuous projectors P : X + X and & : 2 -+ 2 such that Im P = Ker L, 
Ker Q = Im L = Im(l - Q). It follows that L ] dom L n Ker P : (I - P)X + Im L is invertible. 
We denote the inverse of that map by Kp. If fi is an open bounded subset of X, the mapping 
N will be called L-compact on fi if QN(fi) is bounded and Kp(1 - Q)N : Q --) X is compact. 
Since Im Q is isomorphic to Ker L, there exist isomorphisms J : Im Q --) Ker L. 
In the proof of our existence theorem below, we will use the continuation theorem of Gaines 
and Mawhin [ll, p. 401. 
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THEOREM A. CONTINUATION THEOREM. Let L be a fiedholm mapping of index zero and let N 
be L-compact on !i. Suppose 
(a) for each X E (0, l), every solution x of Lx = ANs is such that z 6 0 R; 
(b) QNz # 0 for each z E 6’0 nKerL and 
deg{JQN, R n Ker L, 0) # 0. 
Then the equation Lx = Nx has at least one solution lying in dom L n 0. 
THEOREM 1. Suppose the following. 
(Hi) There exists H > 0 such that 
9(4 ‘ZLl, u2,. . . ,%) > a(t), for t E Z[O,T - 11, 
whenui2H,i=1 ,..., n. 
(Hz) There exists E > 0 (E < H) such that 
9(t, Ul, u21 . . . ,%L) < a(t), for t E Z[O,T - 11, 
whenO<uiLe,i=l,..., n. 
Then equation (1.1) has at least one positive periodic solution of period T. 
PROOF OF THEOREM 1. Let 
X = Z = {x(t) : Z(-00, oo) + R, x(t + T) = x(t)} (2.1) 
with the norm ]]a~]] = maxtEz[c,T-li Ix(t)1 f or any CC E X (or Z). Then X and Z are both Banach 
spaces when they are endowed with the norm ]( . ]I, and dim X = dim Z = T. Let 
(Nx)(t) := x(t)[a(t) - g(t,x(t - 71(t)), . . . ,x(t - Tn(t))l, 
for any x E X. 
Lx = Ax, Px = + yx(t), x E x; 
t=o 
Qz = + Tcz(t), z E z. 
t=o 
Obviously, 
Ker L = {x I x E X, 2 = h, h E R}, 
T-l 
ImL= z]zEZ, Cr(t)=O , 
t=o 
(2.2) 
(2.3) 
and 
dimKer L = 1 = co dimIm L. (2.4) 
Since Im L is closed in Z, L is a Fredholm mapping of index zero. It is easy to show that P 
and Q are continuous projectors such that 
ImP=KerL, KerQ = ImL. (2.5) 
Furthermore, the generalized inverse (to L) Kp : Im L + Ker P n Dom L (Dom L = X) is given 
by 
t-1 
K&) = c z(s) - + T2(T - s)z(s). 
s=o s=o 
(2.6) 
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Thus, QN : X -+ Z is given by 
QNx := ; ‘ex(t)[u(t) - g(t,x(t -q(t)), . . . ,x(t - am)]. 
> t=o 
Clearly, QN and Kp(l - Q)N are continuous. Since dimX = T, by using the Arzela-Ascoli 
theorem, it is not difficult to show that Kp(I - Q)N(fi) is compact for any open bounded 
set R c X. Moreover, QN(a) ’ b IS ounded. Thus, N is L-compact on fi with any open bounded 
set !2 c X. The isomorphism J of Im Q onto Ker L can be the identity mapping, since Im Q = 
Ker L. 
In order to prove the existence of a positive T-periodic solution of equation (l.l), we need the 
following lemma. 
LEMMA 1. Let x(t) be a positive T-periodic solution of (1.1). Then 
where 
PROOF. From (l.l), we have 
x(t + 1) = (a(t) + 1)x(t) - x(t)g(t, x(t - q(t)), . . ) x(t - Tn(t))], x E x. (2.7) 
Since z(0) = x(T), we obtain that 
where 
T-l 
x(t) = c G(t, s)x(s)g(s, y(s - n(s)), . . . ,Y(S - G,(S))), 
t=o 
t-1 
n (1+4r)) 
r=s+1 
T-l 
n (1 +a(t)) - 1’ 
o<s<t-1, 
t=o 
t-1 T-l 
l-I (1 + 4r)) T=;+l” + u(r)) 
r=o 
T-l 
, t<s<T-1. 
j-J (1 + u(t)) - 1 
t=o 
Here we denote nFli(l+ u(r)) := 1, nT&!(l + u(t)) := 1. 
A direct calculation shows that 
T-l 
A:= T-l ’ I-I (l +a(t)) I G(t, s) I ._“,=” -. B -. , 
rI (1+4t)) - 1 I-I (1 + 4)) - 1 
t=o t=o 
and 0 = A/B < 1. Hence, we have 
(2.8) 
(2.9) 
T-l 
IIxlI 5 B c z(s)g(s,y(s - 71(s)), . . . ,~(s - in)), 
t=o 
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and 
T-l 
tEz$c-ll xc(t) 2 A c x(s)ds, ds - n(s)), . . . , Y(S - x(s))). 
t=o 
From these we have 
This completes the proof of Lemma 1. 
Now we reach the position to search for an appropriate open, bounded subset R for the applica- 
tion of the continuation theorem. Corresponding to the operator equation Lx = XNx, X E (0, l), 
we have 
Ax(t) = Ax(t)[a(t) - g(4 x(t - n(Q), . . . ,x@ - I)], x E x. (1.1)x 
Let z(t) be a positive T-periodic solution of (1.1)~. Then similar to the proof of Lemma 1, we 
have 
t&;-lI s(t) 2 11~11 [:i: a I-‘? n (1 + x @I) 
which implies min,E$T-l] x(t) 2 o~~x~~. Then we have the following lemma. 
LEMMA 2. Let x(t) be a positive T-periodic solution of (1.1)~. Then 
In order to prove the existence of a positive T-periodic s.olution of equation (1.1)x, we need 
the following lemma. 
LEMMA 3. Assume that (HI) and (Hz) hold. Let x(t) be a positive T-periodic solution of (1.1)~. 
Then 
BE < x(t) < f, t E Z[O,T - 11. 
PROOF. Since CT=i’Az(t) = 0, then from (1.1)x, we have 
T-l 
c x(t)[a(q - g@, x(t - 71(Q), . . . , x(t - ~nW)l = 0. 
t=o 
(2.10) 
If 11x11 2 H/a, then by Lemma 2, 
min 
t&Z[O,T-l] 
x(t) 2 a~~~~~ 2 H, 
which means mintGz(-W,oo) x(t) 2 H. So, we have 
x(t - T1(t)) 2 H,. . . ,x(t - T,(t)) 1 H, x E x. 
It follows from HI that ’ 
g(c x(t - n(Q), . . . , x(t - T,(t)) > a(t), t E Z(-co, co). 
Then equation (2.10) does not hold, which is a contradiction. This shows that jlxll < H/a. 
Similarly, if min,EZ[o,T-l] x(t) 5 UE, then by Lemma 2, llxll 5 E. It follows from (Hz) that 
g@, X(t - 71(t)), . . . , X(t - T,(t)) < a(t), t E Z(-oo,oo). 
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Then equation (2.10) d oes not hold either, which is a contradiction. This shows that mintezle,~-il 
x(t) > CX. The lemma is thus proved. 
Let 
R:= xEx~oE<x(t)<f, tEZ[O,T-11 . { 1 
It is clear that R verifies the requirement (a) in Theorem A. When x E 8 R n Ker L = d R n R, x 
is a constant with x = DE or x = H/a, and we have 
QNx = f Tex[u(t) - g(t,x,. . . ,x)] # 0. 
t=o 
We define 
Since from (Hi) and (Hz), we know that ~(P,x) # 0 w enx~d~~R;thenwehaver&x)#O. h 
In view of the homotopic invariant property of topological degree, from (Hi) and (Hz), it is easy 
to see that 
deg{ JQNx, R n R, 0) = deg {[i (,.:)-xl, fInR,o} 
#O 
(noting that J = I). By now we have proved that s1 verifies all the requirements in Theorem A. 
Hence, equation (1.1) has at least one positive T-periodic solution in a. 
The proof of Theorem 1 is complete. 
In a similar way as the proof of Theorem 1, we have the following theorem. 
THEOREM 2. Suppose the following. 
(Hi) There, exists H > 0 such that 
g(t,ul,U2,. * .,%) < a(t), fort E Z[O,T - 11, 
whenui>H,i=l,..., n. 
(Hs) There exists E > 0 (E < H) such that 
g(4u1,u2,. . .,%I) > a(t), for t E Z[O,T - 11, 
whenO<ui<E,i=l,..., n. 
Then equation (1.1) h as at least one positive periodic solution of period T. 
3. EXAMPLES 
In this section, we apply the main results obtained in the previous section to study some 
examples which have some biological background. 
From Theorem 2.1, we have the following corollaries. 
COROLLARY 1. Equation (1.2) has at least one positive periodic solution of period T. 
COROLLARY 2. Equation (1.3) has at least one positive periodic solution of period T. 
COROLLARY 3. Equation (1.4) has at least one positive periodic solution of period T. 
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COROLLARY 4. Assume that Cy=, ai(t)/ci(t) > 1. Then equation (1.5) has at least one positive 
periodic solution of period T. 
Corollaries l-3 can be checked easily. 
For Corollary 4, since 
n ai(t) ul,,,~l+mu(t) 2 ai(t)ui = u(t) c 
i=l 1 + Ci(+4 - > 4t), i=l 4) 
t E Z[O,T - 11, 
and 
all the assumptions in Theorem 1 are satisfied, and the conclusion follows. 
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